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Abstract. We consider the third order operator with smah 1-periodic coefficients on the real 
fine. The spectrum of the operator is absolutely continuous and covers all real line. Under 
the minimal conditions on the coefficients we show that there are two possibilities: 1) The 
spectrum has multiplicity one except for a small spectral nonempty interval with multiplicity 
three. Moreover, the asymptotics of the small interval is determined. 2) All spectrum has 
multiplicity one only. 



1. Introduction and main results 
We consider the third order operator i^e acting in L^(M) and given by 

H, = id^ + eV, V = ipd + idp + q, (1.1) 
where 5 G M is a small coupling constant and the real 1-periodic coefficients p, q satisfy 

0< [ \p{t)\dt+ [ \q{t)\dt <oo, [ p{t)dt= f q{t)dt = 0. (1.2) 
Jo Jo Jo Jo 

Due to |BK3] the operator is self-adjoint on the domain 

= {fe L\R) : ^(f"+pfy + ^pf + qf e L\R), f\{f" + pf)' E ^^(M)}, (1.3) 

the spectrum of i/e is absolutely continuous and covers all real line. Note that the case 
p,q E C°^(M) was considered by McGarvey [McGj . Introduce the value 

3^V(27m)2 (27rnYJ' ^ ' 

where /„ = Jq f{t)e~^^'^'^^dt, n eTL. We present our main result. 

Theorem 1.1. i) Let h > 0. Then there exist two functions r^{B), which are real analytic in 
the disk < c} C C for some c> 0, r'^^O) = and satisfy 

r+{e)-r-{e)=4:hh^ + 0{e^) as e ^ 0. (1.5) 

Moreover, the spectrum of has multiplicity one except for a small spectral nonempty interval 
{r~ (e) , (e)) (or {r~^ (e) , r~ (e)) ) with multiplicity three for any e G (— c, c) \ {0}. 
a) Let h < 0. Then all spectrum of has multiplicity one for any e G (— c, c). 
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Remark. 1) Consider the Hill operator T-L^ = —d^ + eqon the real line. The spectrum of 
Tis is absolutely continuous and consists of spectral bands separated by gaps. Recall that in 
the case of the "generic" potential all gaps in the spectrum of Tie are open, see [K] (see also 
jMO] for the case q e L'^{0, 1)). 

2) Consider a fourth order operator ^ = 9^ + e{dpd + q) on the real line. Here the real 
1-periodic coefficients p, q satisfy (11. 2p and e 7^ is small enough. The spectrum of ^ is 
absolutely continuous and consists of spectral bands separated by gaps. The authors proved 
that if either p = 0,q ^ |BKlj or g = 0,p 7^ |BK2j . then there exists a small non-empty 
spectral interval with the spectrum of multiplicity 4 and all other spectral spectrum have 
multiplicity 2. 

Note that the result for the operator in the general case ^7^0,57^0,6:— T-Ois more 
complicated. One can choose p, q such that all the spectrum has multiplicity two. It follows 
from the Papanicolaou result [P] that any point of the spectrum of the Euler- Bernoulli equation 
iCy")" = with any periodic ^ > 0, > 0, has multiphcity 2. 

3) If g = 0, then for real e 7^ small enough there exists a small non-empty spectral band 
in (t{H^) with the spectrum of multiplicity 3. It is similar to the case of the operator J^f^. 

4) If p = 0, then for e ^ small enough all spectrum of has multiplicity one. This is in 
contrast with the case of the fourth order operator Jif^. 

5) For the operator the endpoints of the spectral interval with multiplicity 3 are branch 
points of the multipliers, see (I2.24p . For the operator ^ one endpoint of the spectral interval 
with multiplicity 4 is a branch point and another endpoint is a periodic eigenvalue. 

6) The proof of the theorem is based on the analysis of the monodromy matrix as e — )■ 
and identities (I2.22p . (I2.24p . In order to show (II. 5p we determine the asymptotics of r^(e) in 
the form r^{e) = r{e) ± 2h'^e^ + 0(£^) as e — )■ 0, where r is some function. This gives the 
asymptotics of r^{e) — r~{e). 

The operator id^ + ipd + idp + g is used in the inverse problem method of integration of 
the non-linear evolution Boussinesq equation, see, e.g., |McK] . The scattering and inverse 
scattering theory for operators id^ + ipd + idp + q with decreasing potentials was developed in 
[DTTj . The work of McKean |McKj give the numerous results in the inverse spectral theory 
for the non-self-adjoint operator + pd + dp + q (and also for the multi-point Dirichlet 
problem), where p and q are smooth and sufficiently small. The third order operator on the 
bounded interval was considered in |Alj, [A2j . The spectral properties of the arbitrary order 
operator with smooth periodic coefficients are studied in [DSJ. Note that the fourth order 
operator 9^ -|- dpd + g is also used for the integration of some non-linear evolution equation, 
see [HLH] 

In jBK3] we study the basic spectral properties of the third order operator Hf, dX e = 1. We 
introduce the Lyapunov function A, which is analytic on a 3-sheeted Riemann surface ^ and 
satisfies the usual identity A = cos A;, where A; is a quasimomentum. This important property 
essentially complicates the spectral analysis of the operator Hf,. Recall that the Lyapunov 
function for the second order operator "H^ is entire and the Riemann surface for the fourth 
order operator ^ is 2-sheeted, see |BKlj . |BK2j . Using the direct integral decomposition 
we prove that the spectrum of Hg, is absolutely continuous and covers the whole real line. 
Moreover, we describe the spectrum, counting with multiplicity, in terms of the Lyapunov 
function similarly to the case of the Hill operator. In |BK4] we determine the high energy 
asymptotics of the periodic and antiperiodic spectrum and the branch points of the Lyapunov 
function. 
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2. MONODROMY MATRIX 

We consider the equation 

ly'" + eVy = \y, AG C. (2.1) 
We introduce the 3x3 matrix- valued function M(t, A, e), (t, A, e) G R x C x M, by 

V'l V'2 V'z (^,A,£), (2.2) 

where ^j.j = 1, 2, 3, are the fundamental solutions of equation (12.11) satisfying the conditions 

M(0,A,£) = 13, (2.3) 

and I3 is the 3x3 identity matrix. Due to (12. ip . (12. 2p the matrix- valued function M{t, X,e) 
satisfies the matrix equation 

M' - P{X)M = eQ{t)M, (t, A, e) G M x C x M, (2.4) 

where the 3x3 matrices P and Q are given by 

1 0\ / 0\ 

01, Q= \ -p . (2.5) 
-a 0/ \iq -p 0/ 

Due to Q G L^(T) there exists absolutely continuous in t G M matrix- valued solution M{t, A, e) 
of the problem (I2.4p - (I2.3I) and the monodromy matrix M{1, A, e), (A, e) G CxM, is well-defined. 

Consider the case e = 0. The matrix-valued solution Mo(t, A) = M(t, A,0) of the problem 
(I2.4p - (l2.3p has the form Mq = e*^^ . Each function Mo(f, ■),t G M, is entire. Eigenvalues of the 
matrix P are given by iz, iuz, iu'^z, henceforth 



• 22: 1 / TV 3n 

oj = e^, 2 = A3, argAG(^--,Y 



TT TT 

arg.Gl--,- 



Then eigenvalues of the matrix Mq have the form e*^*^ g^-^^t^ gjt^^^^^ Estimates le*^"^^*! ^ e^°l*l 
imply 

|Mo(t, A)| ^ e^ol*l, all (t. A) G R x C, where zq = max Re{izu^) = Re{izu^), (2.6) 

i=o,i,2 

and henceforth a matrix A has the norm given by 

\A\ = max{^/f : / is an eigenvalue of the matrix A*y4}. 

Consider the case e 7^ 0. Using the standard arguments we deduce that the function 
M(t, A, e) satisfies the integral equation 

M{t,X,e) = Moit,X) + e [ Mo{t - s,X)Q{s)M{s,X,e)ds. (2.7) 

Jo 

The standard iterations in (12. 7p lead to the formal series 
M(t,A,£) = ^£"M„(t,A), Mn{t,X)= [ Mo{t-s,X)Q{s)Mn-i{s,X)ds, n^l. (2.8) 

In the following Lemma we will prove estimates of the monodromy matrix M(l, A, e). 
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Lemma 2.1. Each matrix-valued function M{t,-,-),t G [0,1] is entire in (A,£) G and 
satisfies: 

N-l 

|M(1,A,£)| ^ e"o+", |M(1,A,£) - ^M„(1,A,£)| ^ lel^x^e^^+l^l", (2.9) 

n=0 

for all {N, A, e) G N X C^, where 



{\p{t)\ + \q{t)\)dt. 

JO 

Proof. Identity (12 .Sp gives 

M„(t,A)= j f[(^Mo{tk+i-tk,X)Q{tk)^Mo{ti,X)dtidt2...dtn, (2.10) 



0<ti<...<i„<t„+i=t '^-^ 



the factors are ordering from right to left. Substituting estimates (12. 6p into identities (12.101) 
we obtain 

|M„(t,A)|^— n \Q{s)\ds\ , all (n, t, A) G N x R+ x C. (2.11) 

These estimates show that for each fixed t ^ the formal series (12. 8 p converges absolutely 
and uniformly on bounded subset of C^. Each term of this series is an entire function of (A, e). 
Hence the sum is an entire function. Summing the majorants we get 

N-l / /•* \^ 

|M(f,A,e) - V£"M„(t,A)| ^ |£| / \Q{s)\ds) e^«*+l^l^olQWM- 

n=0 \ Jo J 

for all (t, X,e) G M+ x C^, which yields (jM])- ■ 
The characteristic polynomial D of the monodromy matrix M(l, A, e) is given by 

D(r,A,e) = det(M(l,A,£) -rls), {T,X,e)eC\ (2.12) 

An eigenvalue of M(1,A,£:) is called a multiplier, it is a zero of the algebraic equation 
D{-,X,e) = 0. Each M (1, A, e), (A, e) G C x M, has exactly 3 (counted with multiplicities) 
multipliers rj(A, e),j = 1, 2, 3. We need following results. 

Lemma 2.2. i) The function D satisfies 

D{T,X,e) = -T^ + r^T{X,e) -rT(X,e) + l, all (r, A, e) G x M, (2.13) 

where 

T{X,e) =TTM{l,X,e). (2.14) 
If T{X,e), (A,£) E C X M., is a multiplier, then f~^(X,£) is also a multiplier, 
a) Let {X,e) G M^. Two cases are possible only: 

a) all three multipliers belong to the unit circle; 

b) exactly one simple multiplier belongs to the unit circle. 
In the case b) the multipliers have the form 

e^^ e-*2^"^ some fcGC:ImA;^0. (2.15) 
Hi) The spectrum cr{He) of the operator Hi^^e G M, is absolutely continuous and satisfies 

a{He) = {Xe^:\Tj{X,e)\ = l, some j = 1,2,?,}. (2.16) 
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The spectrum has multiplicity 3 (in the case ii a) or 1 (in the case ii b). 

Proof. Lemma have been proved in [BK3j . we give the sketch of the proof for completeness, 
i) Identity ([MD yields JM' = VM and -{M*)' J = M*V for A G M, where 



J= -z , V = J{P + Q) 





Then {M*JM)' = -M*VM + M*VM = 0, which yields 

M*(1,A)JM(1,A) = J, (2.17) 

here and below in this proof M(t, A) = M{t, X,e), ... Identity fl2.2p and equation fl2.ip give 
(detM)' = 0. Then det M(t, A) = detM(0,A) = 1, for all (t, A) G M x C, which yields 
detM(l,A) = 1. Direct calculations show that 

D(r,A) = det(M(l,A) -rls) = -r^ + r2TrM(l,A) + S(A)t- 1 all (r, A) G C^ 

where B{X) = drD{0, A). The standard formula from the matrix theory gives 

drD{r, A) = -D{t, A) Tr(M(l, A) - Tl,y\ 

Using the identity D(0, A) = 1, we obtain B{X) = -TrM-i(l,A). Identity f ETTj) gives 
M-i(l,A) = -JM*(1,A)J, which implies TrM'i(l,A) = TrM*(l,A), for all A G M. Then 
B{X) = -TrM*(l, A), which yields fimjl . 

ii) Identity f l2.13p implies 

D{t, X) = -T^D{f-\ X) (r,A)GCxM, r ^ 0. (2.18) 

Then if t(A) is a zero of D{r, A) for some A G M, then f^^(A) is also a zero. Using the identity 
''"1^2 T3 = det M(l, ■) = 1, we obtain the needed statements. 

iii) The proof is standard and uses the direct integral decomposition of the operator if^, see 
[Rg] . ■ 

Fix £ G M. The coefficients of the polynomial D{-,X,e) are entire functions in A. It is 
known (see, e.g., [E^], Ch. 8) that the roots Tj{-,e),j = 1,2,3, constitute one, two or three 
branches of one, two or three analytic functions that have only algebraic singularities in C. 
The simple analysis (see |McK] ) shows that the functions Tj{-,6) constitute three branches of 
one function r(-,£) analytic on a 3-sheeted Riemann surface. Asymptotics (12.231) . proved in 
the following Lemma, shows that the functions Tj{-,e) are all distinct, that is if A; 7^ £, then 
Tj{X, e) 7^ Ti{X, e) for all A G C with the exception of some special values of A. There are only 
a finite number of such exceptional points in any bounded domain. 

We introduce the discriminant p{X,e), (A, 5) G C^, of the polynomial D{-,X,e) by 

P=in- T2fin - r3)'(r2 - Tsf. (2.19) 

Consider the case 5 = 0. The multipliers rj*, the trace Tq of the monodromy matrix and the 
discriminant po{X) = p{X,0) are given by 

' ' ' , (2.20) 

To(A) = Tr Mo(l, A) = e" + e'"" + e"^ 
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and 



= (e- - - e-'-)2(e-^ - e'^'^f = 64 srf ^ srf srf (2.21) 

Lemma 2.3. i) The function p{X,e) is entire, real on (A,£:) G M^, and satisfies: 

p(A,e) = |r(A,£)|^-8Rer3(A,£) + 18|T(A,£)p-27, all (A,e)eM^ (2.22) 

p(A, e) = po(A) (1 + 0(e)) as e^O. (2.23) 

uniformly in A on any bounded subset ofV = C\ U„gz{|A — '^(^)^l ^ !}■ 
a) Let £ G M anc? let ©3 6e t/ie j^art of the spectrum of Hf, having the multiplicity 3. Then 

63 = {A G M : |r^(A,£)| = 1, for all j = 1, 2, 3} = {A G M : p{\,e) ^ 0}. (2.24) 

Hi) Let \e\ < c for some c > small enough. Then the function p{-,s) has exactly two zeros, 
counted with multiplicities, in each domain |A — z(^^)^| <!,■«. G Z. There are no other zeros. 
In particular, the function p{-,e) has no any real zeros in the domain |A| ^ 1. 

Proof, i) The function p is a discriminant of the cubic polynomial fl2.13p with entire co- 
efficients, then p is entire. The standard formula for the discriminant of the polynomial 
-r^ + aT^ -br + l gives d = {abf -A{a^ + h^) + 18ab - 27, which yields (^Tm . 
We will show (1^:^ . Estimates (EH]) give M(l, A, e) = Mo(l, A) + 0(e) as e ^ 0, uniformly 

■ 2 

in A on any compact in C Let A G P. Then all eigenvalues e*^, e*^^, e*"^ ^ of the matrix 
Mo(l, A) are simple and the standard matrix perturbation theory gives 

r,(A,£) = r°(A)(l + 0(£)), as £ 0, 

uniformly in A on any bounded subset of V. Substituting these asymptotics into (12.191) we 
obtain (1^23]) . 

ii) Lemma [2.21 iii) implies the first identity in fl2.24p . Let e G M and let kj,j = 1,2,3, be 
given by r,- = e*^^. If k i, then kj{X,e) 7^ ke{X,e) for all non-exceptional A G C. Identity 
T1T2T3 = 1 yields ki + k2 + k^ = 0. This identity and fl2.19p give 

p = (^e'k, _ g.fc2)2(g.fc, _ e^'^'fie^'^ - e'^'^f = -64 sin^ sin^ sin' (2.25) 

If A G 63, then, due to the first identity in ([2211), kj{\,e) G M for all j = 1,2,3, and (^2^ 
yields p{X,s) ^0. If A G cr{Hs) \ 63, then exactly one kj, say ki, is real and k2 = k^ are 
non-real, see (12.151) . Identity (I2.25P implies p(A,£) > 0, which yields the second identity in 

([221. 

iii) Let A belong to the contours |A — '^(^)^l = l,Ti G Z. Asymptotics (12.230 yields 

|p(A,£) - po(A)| = |po(A)| - 1 = |po(A)|0(e) < |po(A)| 

on all contours. Hence, by Rouche's theorem, p has as many zeros, as po in each of the 
bounded domains and the remaining unbounded domain. Since po has exactly one zero of 
multiplicity two at each i(^)^, n G Z, the statement follows. ■ 
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3. Proof of the main Theorem 
Introduce the entire functions T„ = Tr M„(l, ■),n ^ 0. Estimates fl2.9p imply 
T(A, e) = To(A) + eTi(A) + e^T^iX) + e'^TsiX) + 0{e^) as e^O 
uniformly in A on any compact in C 

Lemma 3.1. Let h be given by (T^- Then the following relations hold true: 

Ti = 0, 

Re T2(A) = -3/i(l + 0(A)) as A ^ 0. 
Proof. Identity (12. 8p and conditions (11.21) imply 



• [' e^^''^^Q{t)e'^ds = Tr [' Q{t)dt = 0, 
Jo Jo 



Ti = TrMi(l,-) = Tr 
which yields (13.21) . Moreover, 

Ts = TrM2(l, ■) = Tt [ [ e'^^-'+'^^Q{t)e^'-'^^Q{s)dsdt. 

Jo Jo 

We rewrite identities (12.41) for the matrices P, Q in the form 





1 






(0 





























0) 












Using the identities 



1 t 



t 12 



l3 + tPo+^^Po'= \ 1 t 

.0 1 
we obtain 

e*^Wg(s) = e*^°g(s)(l3 + 0(A)) = {-p{s)Kr{t) + zg(s)K2(t))(l3 + 0(A)) 
as A — )■ 0, uniformly on {t, s) G [0, 1]^, where 



(t ^ 0\ /f 0' 

Ki = e*^«Po* =1 t , K2 = e*^oPi = t 
\0 10/ \1 0, 

Using the identities 

Tr Kr{l - u)K^{u) = 2(1 - u)u + ^ ^ ' +- = - + u{l-u), 

we obtain 

ReTre(i-*+^)^g(t)e(*-^)^Q(s) = <l>(t, s)(l + 0(A)), 
as A — )■ 0, uniformly on {t, s) G [0, 1]^, where 

/I \ (l-u)'^u'^ 
Ht, s) = p{t)p{s) i^- + u{l - u)j - q{t)q{sy ^ , u = t-s. 
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Substituting this asymptotics into fl3.4p we obtain 

-1 rt -I rl ft 



ReT2{X)= [ dt I <!>{t,s)ds{l + 0{X)) = 1 [ dt [ <!>{t, s)ds{l + 0{X)) (3.5) 
Jo Jo 2 Jo Jt-i 



as A — )■ 0, since s) = $(5, t — 1). Using the simple identity 

-1 rt 



f dt f g(t-s)fit)fis)ds = Y,\fk\% 
■^0 Jt-1 k& 



for all / G L\0, l),g,g' G L'^{0, l),g{0) = g{l) = 0, and identities 
1 . 



2(nnV' L ' ' 2{-Kn] 



for all ?7, 7^ 0, identities fl3.5p imply fl3.3p . ■ 
Proof of Theorem 11.11 i) Identities ( I2.20p imply 



ro(A) = e'" + e'"^ + e'"'^ = 3 - ^ - + 0(A3) as A ^ 0. (3.6) 



~ ' ~ 2 240 

Recall that the functions T(A, e), p(A, e) are entire in (A,£) G C^. Let the entire functions 
a(A, e), b{X, e) and the numbers bj,j = 2, 3, be given by 

T{X,e) = 3 + a{X,e) + ib{X,e), b{X,e) = lmT{X,e), all (A,£)GM^ bj = lmTj{0). 

Substituting relations (13. 2p . (13. 3p . (13. 6p into (13. ip we obtain 

r(A, ^) = 3 - Y - ^ - (3/^ - ^b2)s' + 6^X3(0) + ©(A^) + 0{Xe') + O(e^) (3.7) 

as (A,£) — !■ (0,0). Asymptotics (13.71) gives 

a{X,6) = -3h6^ + 0{X^) + 0{Xe^) + 0{e^), b{X,e) = fi{X,e) + 0{X^) + 0{Xe^) + 0{e^), (3.8) 
as (A,£) — 7- (0,0), where 

/i = -^ + ^, r = 262^' + 263£'. (3.9) 

Identity ( K22^ gives 

p = a3(a + 4) + 6^ (108 + 2(a + 18)a + 6^) . (3.10) 
Substituting asymptotics (13.81) into (I3.10p we obtain 

p(A, e) = /(/i, e) = 108 (/i' - hh^ + O(p^) + ©(p^^^) ^ (^(^^4^ ^ ^^^7) j ^ 

as (/i, e) — (0,0), where 

A = r-2/i, (3.11) 
and f{fi,e) is entire in {^,e). Introduce the new variable tt by /i = we^. Then 

/(U£^£) = 108£^^(^/,£), 

where E{u,e) is entire in (m, e) and 

E{u,e) = u^- h^ + 0{e), 

as £ — )■ uniformly in u. 

Consider the equation E{u,e) = 0. Let h ^ 0. Using £E{±h2,0) ^ and the Implicit 
Function Theorem we deduce that there exist two real analytic functions u^{e) in the disk 
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{l^l < c} for some c > such that each ^^(e) is a zero of the function E {-,€). These functions 
satisfy 

u^{e) = ±0 + 0(e) as £ -> 0. 

Substituting fj, = u'^{e)e^ into the identity fl3.1ip we deduce that there exist two real analytic 
functions r^(£) in the disk {\e\ < c} such that 

r^{e) =r{e)±2hh^ + 0{e^), as e ^ 0, 

which yields (11. 5p . 

Consider h > 0. Let e > be small enough. Then r~{e) < r{e) < r~^{e). Asymptotics (13.111) 
shows that p{r{e),e) = f{0,e) < 0. Then p{-,e) < on the whole interval {r~ (e) , (e)) and, 
by Lemma 1^751 iii) . e) ^ out of this interval. Then, due to (I2.24p . the spectrum of in 
this interval has multiplicity 3 and the other spectrum has multiplicity 1. The proof for the 
case £ < is similar. 

ii) If /i < 0, then, by Lemma [2.31 iii). the function p has no any real zeros and p{-,e) > on 
the whole real axis. Hence all the spectrum has multiplicity 1. ■ 

Acknowledgments. This work was supported by the Ministry of education and science of the 
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